In this paper we study the number and the relative position of the limit cycles of a plane quadratic system with a weak focus. In particular, we prove the limit cycles of such a system can never have (2, 2)-distribution, and that there is at most one limit cycle not surrounding this weak focus under any one of the following conditions:
INTRODUCTION
This paper discusses quadratic systems with a weak focus and a strong focus. Without loss of generality, we may suppose that 0(0, 0) is the strong focus and N(0, 1) the weak focus. Then, by [6] , the quadratic system can be written in the form dx/dt = -y -mx + lx 2 -f mxy + y 2 
, dy/dt = x(l + ax+by).
If m = 0 then JV(O, 1) and 0(0, 0) are both weak foci (or centres), and (1) has no limit cycle. Therefore (2) 0 < | m | < 2 , 6 + K O .
Without loss of generality we can suppose (3) a > 0. 512 P. Zhang and S.L. Cai [2] In fact, if a = 0 then (1) has no limit cycle [2] , and if a < 0 then by the change of variables t -> -t, x -* -x we obtain a > 0. In the following we always suppose that (2) and (3) are satisfied when we discuss (1) .
Except N and O, the coordinates (x, y) of the other finite singular points of (1) The discriminant of (4) is 6 2 A, where (6) A : = [ a -m ( 6 + l ) ] 2 -4 Z ( 6 + l).
The following results, which we state as lemmas, are proved in [8] . In order to consider the infinite singular points of (1), let 3 .
If A o > 0 then (9) has three real roots X 3 < A 2 < 0 < Ai and <p'(A s ) > 0. If A o = 0 then (9) has a simple real root Ai > 0, a double real root A2 = As < 0 and y'(Aj) = 0. If A o < 0 then (9) has a unique real root Aj and Ai > 0. In all cases we have PROOF: By elementary algebra, (10) is the discriminant of (9). Since y>(0) = -1, y>(+oo) = +00, the cubic equation (9) has a real root Ai > 0. If Ao < 0 then Ai is the unique real root of (9). If A o > 0 then, since <p'(0) = -m < 0, the other two real roots are negative. Similarly if Ao = 0 the double root is negative. The rest of the lemma is obvious. By Berlinskii's Theorem [7] , this is equivalent to assuming that the system (1) has two saddles in addition to the two foci. Thus, by Lemma 2, we have THEOREM A. Suppose a quadratic system has 4 finite singular points: a strong focus, a weak focus, and two saddles. Then the system has at most one limit cycle surrounding the strong focus. This paper will discuss the remaining case of a quadratic system with a strong focus, a weak focus and at most one saddle. That is, we consider the system (1) when, in addition to (2) and (3), we also have
Suppose A is a real root of (9), and let
Then, by (9), we have
Thus the coefficient of ( in (12) is nonzero and h[x -Ay) = 0 represents a line. Since
the intersection point of the line h(x -Xy) = 0 and the y-axis is between N and 0. Let
be the closed half-plane bounded by this line which contains the origin. In this paper we prove the following results, which deal with four possible situations. Since any limit cycle of a quadratic system surrounds a focus, Theorem A corresponds to condition (i) in the Abstract, and it follows from Lemma 3 that Theorem 3, in conjunction with Lemma 2, corresponds to (ii). Similarly, Theorem 4 in conjunction with Lemma 2 corresponds to (iii).
In [4] the authors study quadratic systems with a 3rd-order weak focus and a unique, simple infinite singular point (which implies that there are exactly two finite singular points, the second being a strong focus). Our Theorems 1 and 2 also deal with the case of a unique infinite singular point. However, besides a weak focus and a strong focus, the system may have other finite singular points, the weak focus need not be of 3rd-order, and the unique infinite singular point need not be simple. Thus Theorems 1 and 2 in this paper considerably extend the statement in [4] concerning the number of limit cycles surrounding the strong focus.
In [5] the authors study some quadratic systems with two finite singular pointsa weak focus and a strong focus -and three infinite singular points. Theorem 4 of this paper provides additional information about the distribution of limit cycles of such a system.
The limit cycles of a quadratic system are said to have (i, j)-distribution if there are exactly i limit cycles surrounding one focus and exactly j limit cycles surrounding another focus (multiple limit cycles being counted according to their multiplicity).
It follows at once from Lemma 2 and Theorems 1 -4 that if a quadratic system with a weak focus and a strong focus has more than one limit cycle surrounding the strong focus, then either the number of such limit cycles is odd or there is no limit cycle surrounding the weak focus. In particular, THEOREM 5 . If a quadratic system has a weak focus and a strong focus, its limit cycles cannot have (2, 2) distribution.
PROOFS OF THE THEOREMS
First of all we introduce the following lemmas.
LEMMA 4 . Suppose the system
[5]
Quadratic systems 515 satisfies the following conditions:
(ii) xg{x) > 0 for x G (*02» *oi) and x ^ 0; (iii) there exists an Xo, with z O 2 < xo < 0, such that f(x) < 0 for x G (*02, *o) and f(x) > 0 for x G (x 0 , *oi), where
Tiien the system (15) has at most one limit cycle in the strip
If it exists, it must be an unstable cycle.
This lemma follows from Theorem 6.4 of [7] and also from Theorem 1 of [3] . Moreover, the last Theorem shows that if a limit cycle exists, it must have a positive characteristic exponent.
LEMMA 5 . Suppose (15) satisfies conditions (i) and (ii) in Lemma 4, and in ad-
Then (15) has no limit cycle entirely contained in the strip D\.
PROOF: If (15) has a limit cycle entirely contained in D\ then, by Filippov's transformation -see Theorem 5.4 of [7] -the simultaneous equations
where G(x) -J* g{£)d£, have a solution with xo 2 < x 2 < 0 and 0 < x\ < xoi. For each x with 0 ^ x ^ X\ there is a unique x' = <p(x) with
(x). Evidently <f(x) is a decreasing function with <p(0) = 0, <p(x\) = <p(x 2 ). Since the function ij)(x) = F[<p(x)] -F(x) vanishes for x = 0 and x = x\, its derivative vanishes at a point £i G (0, Xi). Since f'{x) -g{x)/g[<p{x)}, it follows that
Thus the simultaneous equations have a solution with x 2 < £ 2 < 0, 0 < £i < x\. But (iii)' implies that f(x)/g[x) has a finite limit as x -» 0. Consequently, by a similar argument, the derivative of the function
P. Zhang and S.L. Cai [6] vanishes at a point 771 £ (0, £1 
PROOF: Using (9), we obtain the left side of (16) from the right side by direct calculation. In addition, it is clear that / < 0 if m > 0 and lb 2 + a 2 -abm < 0.
Therefore, by (9) we have 
':={(t,7,)\(>n-
In the (£, 77) coordinate system, the coordinates of the weak focus N are (-A, 1).
Since N £ D, we have -A < £*. Moreover, since 
where (29) respectively. The zeros of gi(x) are the ^-coordinates of the finite singular points of (19) other than N and 0. Since the coefficients of <7i(x) are all positive, and by hypothesis there is at least one zero greater than £*, it follows that the quadratic gi(x) has two real zeros Xi, X2 satisfying (31) £* < *2 < asi < 0.
Since a limit cycle of (19) which surrounds O cannot surround any other singular point, it is sufRcient to show that (27) Moreover xo < 0, since I < 0. Since obviously no limit cycle surrounds O if xo ^ x\, we may assume x\ < xo • Then condition (iii) is satisfied. To verify condition (iv) we evaluate the derivative of (8)' is a saddle-node and the phase-portrait in its neighbourhood is given by Figure 3 . But the signs of t and r are different, since p < 0 by (38).
Hence the phase-portrait in the neighbourhood of the singular point z = 0, v = X of (8) is given by Figure 4 . By a similar argument to that in case (i), it can now be proved that there is an odd number of limit cycles surrounding O (see Figure 2 ). We consider separately two cases. If X2 or X\ lies in the interval (XQ, 0) then, as in the discussion above, it can be seen that there is no limit cycle surrounding O. Thus this case can be excluded. Since <7i(0) > 0, 0i(£*) > 0, it follows that X2 and x\ must both lie in one of the following three intervals: Thus we may assume that R and M are both to the left of P on the arc II. Then the sign of the divergence of (1) at R and M is opposite to its sign at 0. After the series of transformations (18), (22) and (26), the sign of the divergence of (27) at R and M is still opposite to its sign at 0. But in the strip XQ < x < £* the divergence of (27) Suppose a quadratic system has a weak focus and a strong focus, besides these, it has two real or complex finite singular points p and q (or p = q, or one of them lies at the equator). The line L connecting p and q must intersect the segment joining the two foci, say at P. (The definitions for L in the other cases are similar, and are left to the reader). We say that the quadratic system is positively normalised if the trajectory at P crosses from the side of L containing the strong focus to the side of L containing the weak focus. THEOREM B . Suppose the finite singular points of a quadratic system include a strong focus, a weak focus, and at most one saddle. Suppose also that the system is positively normalised. Then if the strong focus is unstable, it has no Hmit cycle surrounding it.
PROOF: By hypothesis and [6] , the system can be written in the form (1) with (2) 
